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The classical modelling of radiation by accelerated charged particles in pulsars predicts a cut-off
in photon energy at around 25GeV. Whilst this is broadly consistent with observations, the classical
treatment is not self-consistent, and cannot be extended to explain the rare high-energy detections of
photons in the 100s of GeV range. In this paper we revisit the theoretical modelling of high-energy
radiation processes in very strong electromagnetic fields, in the context of both single particles and
collective plasmas. There are no classical constraints on this description. We find that there is
indeed a critical energy of around 50 GeV that arises naturally in this self-consistent treatment, but
rather than being a cut-off, this critical energy signals a transition from radiation that is classical
to a quasi-quantum description, in which the particle is able to radiate almost its total energy in
a single event. This new modelling therefore places pulsar radiation processes on a more secure
physical basis, and admits the possibility of the production of TeV photons in a self-consistent way.

PACS numbers: 97.60.Gb

I. INTRODUCTION

Pulsar magnetospheres are composed of magnetised
electron-positron (pair) plasmas characterised by ultra
strong magnetic fields and broadband electromagnetic
emission, covering all frequency spectra, from radio to
hard γ-ray radiation. However there is a cut-off for ob-
served radiated photons at the 20 GeV range [1, 2].

Various geometric models have been proposed that are
specific to particular objects (mainly the Crab) which
do not explain the cut-off from first principles, but in-
stead assume that it exists, and propose models that re-
cover the consequent power spectrum (for example [3–
5]). Whilst this approach has its merits in interpreting
the data, it is unable to explain the intrinsic origin of this
abrupt fall of the γ-ray radiated power with frequency,
and this disappearance in the TeV range. Instead we
must address directly the dynamics of the pulsar mag-
netosphere, as it was done in the Higgins & Henriksen’s
seminal papers [6, 7], requiring improvement, since they
used a classical single particle approach without going be-
yond the classical description, and they do not take into
account properly the required influence of the radiation
in the particle motion as we do in this paper.

More recently there have been further attempts to
model the global pulsar electrodynamics from first princi-
ples, in order to tackle a particular object, or to describe
an overall geometry. For example, [8] presents a numeri-

cal simulation of the general rotating magnetic dipole in
3D, from the pulsar surface to the light cylinder; this cal-
culation incorporates the ideal MHD description of the
evolution of the imposed rotating dipole, and so is not
able to address the fundamental radiation physics for
ultra relativistic single particles. Tang and co-workers
[9] have applied parametric fitting of high-energy radia-
tion mechanisms combined with geometric assumptions
to obtain good fits to the high-energy spectral compo-
nents of the Crab in a specialised application. Force-free
global geometries for pulsar electrodynamics have also
been investigated [10] as possibly revealing the magneto-
spheric radiation source position, but without detailing
how particles are accelerated to such positions. Finally,
combining the global magnetic environment of the pulsar
with the escaping high-energy wind was the object of the
numerical simulations of Wada and co-authors [11]; this
article cites the electric induction as the accelerator, but
does not investigate in detail the actual acceleration of
particles under the derived fields, nor does this numerical
work account for the collective contributions to the fields
by such particle populations.

Whilst these papers represent genuine progress in de-
scribing the global pulsar environment, there is still the
need to address the essential physics of the accelera-
tion mechanism itself, and the consequences for both the
magnetosphere and the radiation emission of the collec-
tive contribution made by cohorts of accelerated charges.
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These twin objectives are at the core of this paper.
The presence of an electron-positron plasma in pulsar

magnetospheres is well established since the Goldreich &
Julian’s early work [12] for the aligned model, and later
generalized to the non-aligned model by Mestel [13, 14]
and Cohen & Toton [15]. This plasma is assumed to
leave the star from rest, and accelerated by a low fre-
quency EM field, a combination of the star dipolar EM
field, described by the Deutsch Model [16] and the one
generated by several processes occurring in the star and
which will be identified later, a very difficult functional
problem.

The magnetospheric plasma is assumed to be collision-
less, in the Vlasov sense that is, the typical collision fre-
quency ν for all particle interactions (including annihila-
tion) is much less than the plasma frequency ωp: ωp � ν
and the plasma remains dominated by the influence of the
common fields. For simplicity here, we shall assume that
the typical ‘relaxation time’ will be the plasma period.
Given the magnitude of the EM fields, a cold plasma ap-
proach is an acceptable one, with a close analogy with the
single (test) particle approach, due to the formal equiv-
alence between the Vlasov equation and standard orbit
theory [17], as seen in [6, 7, 18–24].

Following the single particle approach, the dynamics of
pulsar magnetosphere assumes the classical description,
and must take into account radiative effects. As accel-
erated charged particles radiate, the higher the particle
energy, the higher the frequency of the radiated photons,
and the particle power radiated, the Larmor power, cre-
ating a braking force, the Dirac force. Such force must be
taken into account in the equation of motion, (contrary
to what was done in [6, 7]) and this is done classically
substituting the usual Lorentz equation by the one known
as the Lorentz-Dirac equation of motion (L-DEM) [25],

u̇i =
e

m
F ikuk + χüi +

χ

c2
(u̇j u̇j)ui (1)

with χ = e2/(6πε0mc3) ∼ 6.27× 10−24 s.
The L-DEM time-like term is, neglecting the Schott

term (χüi), and using Landau & Lifshitz [26] formulation:

dE
dt

= eE.v − χe2

m
γ2|E⊥ + v ×B|2

≡ PLor(r,p, t)− PDir(r,p, t), (2)

with E = γmc2 the charged particle energy, E⊥ = E −
(E ·v)v/v2. PLor(r,p, t) is the Lorentz power, the power
acquired through the Lorentz force, and PDir(r,p, t)
the charged particle’s total power radiated. Everything
seems to work as a balance between the acquired Lorentz
power and radiated Dirac power, when the L-DEM is
required to substitute the Lorentz equation. This hap-
pens for h̄ωpeak > mc2, with either PDir → PLor or
PDir ≥ PLor, with

ωpeak ∼ 0.45Ωγ3, (3)

the frequency at which the peak of the radiation is emit-
ted, following the general power spectrum of radiated

photons, Pr(r,p, ω, t) as given by the following expres-
sion in the classical case, after [26] and [27], and assuming
the similarity between curvature and synchrotron radia-
tion (see Appendix B):

Pr(r,p, ω, t) =
35/2

8π
PDir

ω

ω2
c

∫ ∞
ω

ωc

dηK5/3
(η) (4)

where [26–28]

PDir ≡ PDir(r,p, t) = χ
e2

m
|E⊥ + v ×B|2γ2 (5)

≡ PRad(r,p, t) =
∫ ∞

0

dω Pr(r,p, ω, t) (6)

ωc = 1.5γ3Ω (7)
ωpeak = 0.29ωc. (8)

Ω is the angular velocity related to the radius ρ of the
particle trajectory given by

Ω =
c

ρ
= e
|E⊥ + v ×B|

p
(9)

which is equivalent to the angular velocity of synchrotron
radiation by changing B ⇒ |E⊥+v×B|/c (see Appendix
B), as this one is

Ω =
c

ρ
= e

cB

p
(10)

defining the region of validity of L-DEM.
When this radiated power is of the same order of mag-

nitude as the Lorentz power, then the particle energies
stop growing and there is an upper limit of the frequency
of the radiated photons, below the TeV range. This is
model independent, since it is only related to L-DEM
of individual particles, and it is in good agreement with
the observed pulsar cut-off. If P̂ = PDir/PLor and we
consider v ∼ c and E · v ∼ Ec, then

γ ≈

(
P̂

ΩχF

)1/3

(11)

and this combined with (3) gives

ω peak ∼
P̂

χF
rad s−1 (12)

with

F =
|E⊥ + v ×B|

E
(13)

=

mΩ
eB

3

√
P̂

Ωχ

3/4

when Ω is constant (14)

Thus for the Crab pulsar (CP), assuming that each
particle keeps close to the same rotating magnetic field
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(MF) line, and assuming that we are close to the speed of
light cylinder (SLC), the radii of curvature of the trajec-
tories are close to the SLC radius, and therefore Ω ∼ 200
rad s−1, the angular velocity of the CP. If P̂ ∈ [10−4, 1],
F ∈ [10−4, 10−3], and ωmax ∈ [7×1024, 7×1025] rad s−1,
and the maximum value of h̄ωmax < 50 GeV.

A similar conclusion might be found using a simplified
2-dimensional perpendicular model of the pulsar, as may
be see in da Costa [29] for flows close to the SLC. After a
sharp growth in energy and frequency of radiated power,
ωpeak reaches a value which is close to the value predicted
theoretically. The difference is a result of the value of
the radius of curvature of the trajectory, which is not
exactly the value of the SLC radius, as we assumed, but
very close to it. After growing steeply, h̄ωpeak continues
growing but in length scales which suggests it will never
reach TeV values. This agrees with the observational
cut-off [1, 2].

However the L-DEM is not valid everywhere in the
magnetosphere. Two previous papers ([23, 30], Paper
I and II respectively), pointed out that in the interval
where L-DEM has to be used, the radiation is not a con-
tinuous process, but a discrete (random) one, because
the peak radiation frequency is in the hard gamma-ray
domain. This implies that the single particle motion is
strongly influenced by this randomness. Therefore the
motion calculation has to take it into account, translated
into the combined effect of the stochastic nature of the
distance between the radiation of two successive photons,
and the random nature of the frequency of the radiated
photons. Moreover the continuous description is not con-
sistent with the average time and length scales of photon
radiation. As seen in Paper II, in the case of the Crab
pulsar, the charged particle mean free time between the
radiation of two successive photons and the relaxation
time for a particle to radiate its energy are larger than
the equivalent classical trajectory calculations.

The radiative discrete (random) processes imply that
trajectory calculations have to be done using Lorentz
force, discounting at each random radiating point the
random momentum of the photon radiated, recalculat-
ing the energy and restarting the calculation. Now par-
ticles can gain energy beyond the one for the balance be-
tween PDir and PLor, accounting for further relevant fun-
damental processes, e.g. the balance between h̄ωpeak and
γmc2 which for classical h̄ωpeak can turn out to be now
h̄ωpeak > γmc2, an impossibility, since radiated photons
cannot have energies greater than the particles which ra-
diate them, and therefore h̄ωpeak < γmc2 always. This
supersedes the calculation done by Higgins & Henriksen
[6, 7], and to achieve this we have to go beyond the clas-
sical radiation theory of high energy electrons.

In fact the classical general power spectrum of radi-
ated photons, Pr(r,p, ω, t) is given by (4). Of course the
radiation happens in a cone centered with axis parallel to
p and aperture γ−1, and therefore the radiation is colli-
mated in a very narrow beam, and this phenomenon may
be treated as occurring nearly aligned to p. The power

spectrum of radiation Pr(r,p, ω, t) can be defined, after
integration over all directions n inside the cone, as

Pr(r,p, ω, t) =
∫

dnPrn(r,p, ω,n, t) (15)

which combined with (6) is a condition of consistency
to use the L-DEM. This reinforces the principle that the
classical description of motion formally permits the spec-
tral range of Pr(r,p, ω, t) to be 0→∞, with, of course,

[Pr(r,p, ω > cp/h̄, t)] 6= 0 (16)

violating the principle of conservation of energy, since
allows the radiation of photons more energetic than the
particles which radiate them. Classically this does not
create any problem, provided the classical value h̄ωc �
γmc2, and then∫ cp/h̄

0

dωPr(r,p, ω, t)�
∫ ∞
cp/h̄

dωPr(r,p, ω, t) (17)

already not a fully correct formulation. However for
γ >

√
2mc2/(3h̄Ω), (h̄ωc > cp), the inequality (17) with

classical Pr(r,p, ω, t) is no longer valid and does not
make sense at all. Moreover to correct these unphysi-
cal relation (16) must change into

Pr(r,p, ω < cp/h̄, t) 6= 0
lim

ω→cp/h̄
Pr(r,p, ω < cp/h̄, t) = 0 (18)

Pr(r,p, ω ≥ cp/h̄, t) = 0.

and the value of h̄ωc has to be changed

1.5h̄Ωγ3 → αγmc2 (α ∈ [0, 1]), (19)

and this can only be achieved introducing a quantum
description to Pr(r,p, ω, t), which will contain the clas-
sical description. Then PDir loses completely its physical
meaning, as it is no longer PRad, and this is aggravated by
the vacuum polarization problem [31] and its associated
curve-Cerenkov radiation.

To fully model these mechanisms it is essential to go
beyond the single particle approach, thus avoiding limi-
tations it incurs due to the randomness of the associated
radiative process. Instead we must model the plasma
flow in the magnetosphere, requiring a study of the col-
lective behaviour of the plasma in order to understand
the variability of such high energetic photons, which is
also the motivation for the study of the plasma flow in
pulsar magnetospheres. However this requires a relativis-
tic kinetic theory of radiative plasmas: in other words,
an extension of the general theory of collisionless plasmas
when no radiative effects are present that is the current
basis of the modeling of the plasma flow in the magne-
tospheres. Since the theory of collisionless non-radiative
plasmas is the Vlasov theory with its formal equivalence
with standard orbit theory [17], we require that the ki-
netic theory of radiative plasmas has a formal equivalence
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with a generalized orbit theory defined rigorously in the
presence of stochastic radiative effects. The application
of such theory only makes sense if the particle density is
high enough to smooth the random effects introduced by
the radiative process, although it seems that the random
effects are amplified in the collective approach (Paper II
and [21]). More detailed microstability analysis will be
the subject of further study.

To fulfill this goal this paper is divided in two fur-
ther sections. We introduce the concept of the quasi-
classical (q-classical) and quasi-quantum (q-quantum)
plasma flows in section II, going beyond the classical
description, defining the orbital motion of individual
charged particles in the general case where the momen-
tum radiated has a significant effect on the onward tra-
jectory of the radiator, and defines the generalized orbit
theory, showing at the same time why the analysis can-
not be done using just a single particle approach. The
physics is further developed over five subsections: II.A
concentrates on the complete theory of curvature radia-
tion, with its q-classical and q-quantum approach; II.B
generalises the two previous subsections to address collec-
tive phenomena and the formulation of the kinetic theory
of the relativistic plasmas; II.C specialises the preceding
analysis to the particular case of the rotating pulsar; fi-
nally, II.D introduces a further complication in the ra-
diation losses by considering the implications of vacuum
polarisation, and the possibility of Cerenkov radiation
in vacuum. A concluding discussion follows in the final
section, along with a description of future work.

Three appendices are provided, for the reader’s conve-
nience: the first gives a list of variables used in the paper,
along with their definitions; the second establishes the in-
timate relationship between synchrotron and curvature
radiation; the third gives mathematical detail which is
removed from the main text in the interests of clarity.

In the treatment given in this paper, we conclude that
the radiative limit is given through the calculation of the
maximum value of ω allowed by h̄ω → cp, when account-
ing for the discreteness and extreme energy of the ra-
diation, and not in terms of balancing PRad with PLor.
Then we recover this balance, without any direct role in
dynamical calculations, as a consequence of the law of
large numbers, where there is indeed a transition point
at around 50 GeV, as in the classical case, but this is not
a fixed cut-off: indeed, particles can continue to radiate
far beyond this energy, up to almost the total energy of
the particle at γ ∼ 109 - a point at which the classical
model is useless. This brings a further bonus, the discrete
model allows photons of 100s of TeV to be produced in a
self-consistent physical way, with the radiating particles
losing almost all of their energy in such production.

Therefore we will get as a conclusion that we have a
real cut-off at TeV energies beyond which no radiative
processes are possible, superseding the observed classical
cut-off at GeV range, in fact an abrupt fall of the gamma-
ray radiated power with frequency.

II. THE QUASI-CLASSICAL PLASMA FLOW

Generalized orbit theory as required by the new ki-
netic theory of radiative plasmas, contains the standard
orbit theory, when no radiative processes are considered.
Classical trajectories only have to be redefined when the
radiative process starts to be important. This happens
for a value of pqcl given as follows.

The probability distribution Pp(r,p, ω, t) of radiating
a photon at radiation point is given by

Pp(r,p, ω, t) = (h̄ω)−1Pr(r,p, ω, t). (20)

The average number of photons radiated by unit time is

d〈Nph〉
dt

= λ(r,p, t) =
∫ γmc2/h̄

0

dω Pp(r,p, ω, t) (21)

However we may consider a value of ωc < ωmax < cp/h̄
such that

λ(r,p, t) ≈
∫ ωmax

0

dω Pp(r,p, ω, t) (22)

with∫ γmc2/h̄

ωmax

dω Pp(r,p, ω, t)�
∫ γmc2/h̄

0

dω Pp(r,p, ω, t)

(23)
This is a consequence of a set of values of

ω > ωc : Pp(r,p, ω, t)� Pp(r,p, ωpeak, t) (24)

the upper stream tail of the distribution, and this means
that there are very few photons radiated for ω > ωmax.

Then

[pqcl : h̄ωmax(pqcl) ∼ mc2]

⇒ [p > pqcl : h̄ωmax(p) > mc2]. (25)

which defines the classical⇐⇒ q-classical boundary, as
the radiation can still be described classically.

In an individual particle motion, the radiative process
occurs at well determined discrete random events clearly
separated in time and space, and therefore it is still possi-
ble to assume charged particle trajectories between them,
created by the action of Lorentz force as seen in Paper
II, whose description we shall follow in this section.

For particles with momentum p > pqcl the stochastic
radiative process is defined by quantum curvature radia-
tion theory, which may be simplified to the classical one,
for h̄ωc � cp. This defines two descriptions of motion
based on classical trajectories driven by Lorentz force: ei-
ther the q-classical description when the radiation power
spectrum can be defined classically, or the q-quantum
one when a full quantum description is required.

As the photons are radiated at random times, direc-
tions and random frequencies, this is a compound Pois-
son process, particular case of a marked point process
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[23, 32]. Thus the overall trajectories are not determin-
istic but stochastic, because there is randomness in the
choice of trajectories after radiation, depending on the
stochastic nature of the energy and direction of the radi-
ated photons. Nevertheless the trajectories remain colli-
mated, provided the radiated energies are similar to the
classical calculation.

In this marked point process, the probability of radiat-
ing a number of photons Nph in the interval (t−∆t/2, t+
∆t/2) is the generalized Poisson distribution ([30]) where
λ(r,p, t) is not only the probability of radiating a photon
per unit time but also the average number of photons per
unit time.

There are two probability distributions of two random
variables connected by the parameter λ(r,p, t): the in-
terval of time between the radiation of two successive
photons has probability distribution [23]

ft(τ) = λ(r,p, t+ τ) exp
[
−
∫ t+τ

t

dtλ(r,p, t)
]

(26)

allowing the calculation of a mean free path and a mean
free time of radiation; and the frequency of radiation at
radiative points already defined.

This allows the definition of a new relevant stochastic
parameter

ξ =
eE · vδt
h̄ω

=
PLor

PRad

β1

β2
(27)

where δt = β1/λ(r,p, t) and h̄ω = β2h̄〈ω〉 > mc2, being
β1 and β2 stochastic variables, calculated through Eqs.
(26, 20) respectively, and 〈ω〉 is associated with the real
meaning of

PRad(r,p, t) =
∫ γmc2/h̄

0

dω Pr(r,p, ω, t)

=
∫ γmc2/h̄

0

dω h̄ω Pp(r,p, ω, t)

= h̄λ(r,p, t)〈ω〉 (28)

as it is the average photon energy, multiplied by the num-
ber of average photons radiated per unit time, as seen in
Paper II. In the definition of ξ we are putting PRad in-
stead of PDir, because as seen, in a quantum context, PDir

has no physical meaning. ξ < 1 means that the particle
is losing energy; ξ > 1 means that the particle is gain-
ing energy. This parameter shows that although we may
have PLor/PRad < 1, we may have ξ > 1. The problem
is even more severe in extreme radiative conditions.

When ξ � 1 no radiative corrections are required as
in the classical case. As found in Paper II this also hap-
pens after crossing the classical⇐⇒q-classical boundary:
although there are radiation points, they may be ignored
when the correspondent radiated photons h̄ω <∼ mc2.

In operational terms the classical domain may be ex-
tended: following (25), we may choose a value ωb such
that

ωb = ωmax(p) = χωc = κcp/h̄ (29)

where κ and χ are chosen to satisfy equation (23). Then
following inequality (24) [26, 28], as shown in Figure 1

5 < χ� γ−2mc
2

h̄Ω
(30)

this implies

γb =

√
2κ
3χ

mc2

h̄Ω
(31)

ωb = Ω
√

2
3χ

(
mc2

h̄Ω
κ

)3/2

(32)

meaning that photons with energies h̄ω < h̄ωb do not
change appreciably the particle’s energy and momentum.

Since ωmax = ωmax(p) and ωb = const, we only get sig-
nificant radiative influence on the motion of charged par-
ticles for photons when ωmax > ωb, and therefore when
γ > γb, and therefore the number of particles which ra-
diate significantly per unit time is

d〈N ′ph〉
dt

= λ′(r,p, t) =
∫ ωQ

ωb

dω Pp(r,p, ω, t) (33)

with ωQ = max(ωb, ωmax) redefining the mean free path
and mean free time of radiation. This redefines the ex-
tension of the classical domain for operational reasons, as
then ωmax(p) < ωb, implying λ′(r,p, t) = 0, and conse-
quently equivalent infinite mean free time and mean free
path of radiation.

The random nature of the value of ξ, with different
values for each particle, makes it difficult to characterize
the evolution of the electron-positron plasma acted upon
by Lorentz force, in a single particle approach context.
The use of a collective approach is therefore compulsory,
but it requires the radiation power spectrum covering
both the q-classical and q-quantum regimes. Therefore
in A below, the single-particle radiation term is revisited
using the correct relativistic expressions for the photon
spectrum; sub-section B goes on to define the strategy for
incorporating the new ‘collision’ term (that is, the correct
radiation recoil) in the distribution function description.

A. Curvature Radiation

Let us define Υ the ratio of the “classical” h̄ωc over
ε = γmc2, the particle energy. Then

Υ =
3h̄
2ε

c

ρ
γ3 (34)

=
3h̄Ω
2mc2

γ2 for Ω fixed (35)

=
3h̄e|E⊥ + v ×B|

2m2c3
γ (36)

where we made the transposition B ⇒ |E⊥ + v ×B|/c
from synchrotron radiation (Appendix B), and c/ρ is
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given by Eq. (9). As we have seen in Section I, we may
have Υ � 1, and therefore we move outside the classi-
cal domain into the quantum domain. Thus we need to
consider the physics of curvature radiation in both the
q-classical and q-quantum regimes, to provide an over-
all definition of Pr(r,p, ω, t). Provided γ � 1 [33] and
following Berestetskii et al [34], the particle quantum ra-
diative power spectrum is for all Υ:

Pr(r,p, ω, t) =
35/2

8π
(1 + Υ)−2PDir

ω

ω2
c

[∫ ∞
ζ ω

ωc

K5/3
(η)dη−

−(3π)−1/2 Υ2

1 + Υ

(
ω

ωc

)2

ζ K2/3

(
ζ
ω

ωc

)]
(37)

with

ζ(Υ, ω) =
1

1 + Υ
1

1− (h̄ω/ε)
(38)

=
[
1 + Υ

(
1− ω

ωc

)]−1

(39)

h̄ωc =
εΥ

1 + Υ
(40)

where PDir is the classical radiation constant from before
(Eq. (5)). As h̄ω <∼ ε, since the particle cannot radi-
ate photons more energetic than the particles themselves,
then

ω

ωc
∈ [ 0, 1 + 1/Υ) (41)

and the conditions of Eqns. (18, 19) are fully met.
Eqn. (37) is similar to Eqn. (4) for the classical and the

q-classical domains, where the second term is negligible
compared with the integral of K5/3

(η), when

Υ� 1 =⇒ ωc = 1.5 Ω γ3 (and from Eqn. (8))
=⇒ h̄ ωpeak ∼ 0.29 h̄ωc � γ mc2 (42)

=⇒ h̄ ωmax ∼ χh̄ωc � γ mc2 (43)

being ωmax as defined by relation (23), with χ obeying
relation (30). Then Eqn. (38) for h̄ω � γmc2 contains
Schwinger [27] correction, and ωmax/ωc ∼ 1/Υ� 1 con-
sistent with the classical approximation 1/Υ⇒∞.

However when either γ or the EM field grows, then Υ
grows as well, and we move from the q-classical into the
q-quantum domain. According to Berestetskii et al [34],
for Υ� 1, Pr(r,p, ω, t) grows very little with frequency
in the interval ω/ωc ∈ (0.5, 0.8), dropping afterwards to
zero as ω/ωc ⇒ 1 + 1/Υ, as can be seen in Figure 1 and
therefore

Υ� 1 =⇒ h̄ωc ' (1− 1/Υ)γ mc2

=⇒ h̄ ωpeak ∼ 0.8 h̄ωc ∼ 0.8 γ mc2 (44)

=⇒ h̄ ωmax ∼ h̄ωc ∼ γ mc2 (45)

FIG. 1: This figure, taken from Berestetskii et al [34], shows
the representation of Pr(r,p, ω, t)/PDir for different values of
Υ. When Υ � 0.1 the radiating electrons are in the classical
and q-classical regime. The q-quantum regime will happen
for Υ � 1, and therefore Υ ∼ 5 gives a good picture of the
radiative spectrum for q-quantum regimes. There the peak
frequency of radiation is not as sharply defined as for the
Υ � 0.1 case, but is around 0.8ωc, implying h̄ωmax ∼ γmc2.

1. Close to star surface

With these expressions we may show that for the sur-
face of the pulsar the associated ω and γ ∼ O(1), and
therefore we are in a quantum domain where expression
(37) can not be used.

In fact assuming Bs ∼ 108T, then Υ = 3.47 × 10−2γ,
for ω = ωc the equation relating both quantities is

h̄ω =
3.47× 10−2γ2

1 + 3.47× 10−2γ
mc2 (46)

If we put h̄ω = αmc2 then the solution is

γ =
α+
√
α2 + 115.76α

2
(47)

The boundary between classical⇐⇒ q-classical do-
mains is when α = 1, and then γ ∼ 6 ∼ O(1). The
conclusion is that no such boundary exists for EM Fields
close to the critical value BCL ∼ 4.47 × 109 T, since we
are dealing with a quantum plasma which requires quan-
tum treatment [33]. But when α ∼ 104 corresponding
to a photon energy of 5 GeV, then γ ∼ 1.0003 × 104,
allowing the use of Eq. (37) giving a Υ ∼ 2360. This lat-
ter value of 5 GeV is indeed the upper value of radiated
photon energies, not very useful for the theory of pulsar
cut-off, but excellent for pair production, since here [34]

PRad(p, t) = η[Υ(γ)]PDir(p, t) =
∫ cp/h̄

0

dωPr(r,p, ω, t)

(48)
where

η[Υ(γ)] =
{

1, Υ� 1 (classical regime);
< 1, otherwise. (49)
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and this fulfils the condition PLor ∼ PRad since

γ ∼
(

mc

η[Υ(γ)]eχ|E⊥ + v ×B|F

)1/2

(50)

with η(24) ∼ 0.01, and the radiated photons have ener-
gies smaller than the particles which radiate them. We
can see that 5 GeV photons can be radiated by particles
with γ ∼ 104, much less than the γ ∼ 107 required in the
classical case, and these photons can be generated close
to the stellar surface.

Equation (50) is the same for the classical case where
η[Υ(γ)] = 1. But it cannot be used in this context be-
cause now Υ � 1, and therefore the “classical” photons
have energies which are more energetic than the particle
themselves.

2. Close to the speed of light cylinder

Revisiting the calculations in Paper II for particles
moving close to the SLC, and Ω = 200 rad s−1 and
putting Υ(γ) with Ω constant, then Υ(107) = 2.5 ×
10−5 � 1, Υ(108) = 2.5 × 10−3 � 1, Υ(109) = 0.25,
and Υ(1010) = 25. Therefore a particle which is allowed
to reach high values of γ will lose most of its energy in
a single radiation, returning to the classical radiative do-
main or close to it.

However close to SLC a particle does not require its
Lorentz factor to go much beyond γ ∼ 108 to radiate
with Υ � 1. If the magnitude of the EM field increases
suddenly one or two orders of magnitude, the radius of
curvature becomes smaller, and therefore the value of Υ
jumps, creating the conditions for the particles to radiate
photons with energies of the order of the particles them-
selves, and the particle loses momentum or even stops.
This can be concluded in a fully consistent picture for
the collective behaviour of the whole plasma, addressed
in the next subsection.

B. The collective phenomena and evolutionary
process

We are going to assume that the electron-positron
collisionless plasma starts to flow from rest, in an EM
field, and therefore is accelerated by the Lorentz force.
Where the average energy of the plasma is relatively low
(p < pb), we shall disregard the influence of radiation on
the trajectories of individual particles: we are in the clas-
sical domain, where radiation is given by classical curva-
ture radiation theory, with Υ� 1 and γ � 1, but where
the radiated photons do not influence the plasma motion.
However, for those particles in the distribution with mo-
mentum exceeding the threshold pb, their evolution must
take into account radiation recoil where it is significant.

We shall defer a further complication until a later pub-
lication: the seeding of the distribution function by pair

production arising directly from the decay of high-energy
photons. Hence we have ‘plasma recycling’: the pro-
cess in which the most energetic particles radiate very
strongly, losing most of their energy, and are then re-
accelerated by the ambient fields to energies where ener-
getic radiation is again possible.

The kinetic equation in the classical regime is the usual
Vlasov equation. The plasma will cross the boundary
defined by condition (25) and will enter the q-classical
region, where radiative effects need to be taken into ac-
count, and the Vlasov description is extended by incorpo-
rating a radiation term (see Appendix C). This assump-
tion excludes the case where due to the extreme strength
of the EM fields, the region for γ > 1 is already a quan-
tum region.

Taking account the presence of electrons (-) and
positrons (+), we have to introduce two distribution
functions, one for each species. In the extended classical
domain, when no radiative effects need to be taken into
account, we can define the effective minimum and maxi-
mum of the momentum distribution pmin, pmax such that
pmax < p b, and

f±(r,p, t) =
{
6= 0, for pmin < p < pmax;
∼ 0, otherwise. (51)

The general kinetic equations for both distributions, with
the previous assumptions and (δf±/δt)SE the change in
the distribution functions due to spontaneous emission of
photons, will be

Df±
Dt

≡ ∂f±
∂t

+ v · ∇f±
+ [E(f±) + v ×B(f±)] · ∇pf± (52)

=
(
δf±
δt

)
SE

where when f±(r,p, t) is in the classical region(
δf±
δt

)
SE

= 0 (53)

and when f±(r,p, t) is inside the q-classical and q-
quantum regions(

δf±
δt

)
SE

= Nc(r,p, t)− λ(r,p, t)f±(r,p, t) (54)

where

Nc(r,p, t) =
∫

dn

∫ ωpm

0

dω Ppn

(
r,p +

h̄ω

c
n, ω,n, t

)
×f±

(
r,p +

h̄ω

c
n, t

)
(55)

with

Ppn(r,p, ω,n, t) =
Prn(r,p, ω,n, t)

h̄ω
(56)
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and ωpm : cp + h̄ωpm(pmax)n = cpmax. In the above
equations everything happens in fixed position in con-
figuration space (r,p). In equation (54), the first term,
Nc(r,p, t), gives the density of particles per unit time
which have been scattered into p from a higher momen-
tum by photon radiation; the second term gives the den-
sity of particles per unit time which are lost to p by
radiation.

Since for each p the range of radiated frequencies is
ω ∈ [ωb, ωmax(p)], eq, (54) may be rewritten into(
δf±
δt

)
SE

=
∫

dn

∫ ωcal

ω

dω Ppn

(
r,p +

h̄ω

c
n, ω,n, t

)
×f±

(
r,p +

h̄ω

c
n, t

)
(57)

−λ′(r,p, t)f±(r,p, t)

where ωcal = max{ωb,min[ωpm(pmax), ωmax(pmax)]}.
When min[ωl(pmax), ωmax(pmax)] < ωb, eq. (57) reduces
to eq. (53) we are in the extended classical domain, and
the kinetic equation is the standard Vlasov equation.

The distribution functions f±(r,p, t) governed by
Eqs. (52,54) act as sources for the self-electromagnetic
fields:

∇ ·Ef =
e

ε0

∫
all p

dp [f+(r,p, t)− f−(r,p, t)]

∇×Bf = e µ0

∫
all p

dp
cp√

m2c2 + p2
[f+(r,p, t)−

−f−(r,p, t)] +
1
c2
∂Ef

∂t
(58)

and they are related by Faraday’s Law.
Now the formal equivalence between the Vlasov equa-

tion and its extension (see Appendix C) with orbit theory
may be used [17]. Consider the distribution function of
momentum at a snapshot in time, but at different posi-
tions along the accelerating fields; equivalently, we may
think of the evolution of the distribution function con-
vected from an initial position at the appropriate mean
speed, over a range of times (with the caveat that self-
field fluctuations are also evolving). At early positions (or
times) the distribution function in momentum space has
a particular shape, with virtually no particles with zero
momentum (because the plasma is under continuous ac-
celeration). Evolution from this point means that an in-
creasing fraction of the distribution function tail exceeds
the threshold at which energetic radiation consequences
must be considered, and we see two effects: the virtual
truncation of the high-momentum tail as radiation effects
cause significant momentum loss, and the simultaneous
evolution of a low-momentum component arising directly
from the recoil produced by such radiation. Figure 2 cap-
tures the essence of this behaviour, showing sketches of
the distribution functions at each critical stage.

To understand how this happens let us consider the
set of cells (∆r,∆p) centered at (r,p) at time t in which

p
max
(0)

f

p
mean

p

radial position

p
q-cl

(0)
0

shaded region 
is radiation affected 

1

2

p
min
(0)

p
min

(1)

p
max

(2)

low momentum plasma 
created by radiation recoil

radiation losses
quench energetic tail

p
q-cl

p

FIG. 2: Figure shows sketch of the distribution function (in
momentum space) at different radial positions along the ac-
celerating, at a snapshot in time, for a singe reference frame;
it may also be considered as an evolutionary sketch for the
distribution function as it develops in time. At early radial
positions close to the star (that is, position 0 in the diagram),
the distribution function of particle momenta has an arbitrary
form with a non-zero minimum momentum, and a maximum
that is below the threshold for which radiation recoil may be-
come important. At position 1, the minimum momentum has
grown (since the distribution is under continuous acceleration,
and we are using the same reference frame as at position 0),
and the maximum momentum is now sufficiently high that
radiation effects need to be taken into account. At position
2, the distribution function has been significantly altered by
radiation recoil: there is an extended low-momentum (low
energy) plasma at the same time as a quenching of the high-
energy tail after pmax. Note that these sketches are not to
scale, and that the high energy tail (above pqcl) in reality is
significantly longer than the lower part.

we may divide the f(r,p : p ∈ (pmin, pmax), t). In the
classical domain,

f [r,p : p ∈ (pmin, pmax), t]→ (59)
f [r + ∆r,p′ : p′ ∈ (pmin + PLor∆t/c,

pmax + PLor∆t/c), t+ ∆t]

as no decay exists [λ′(r,pmax, t) = 0]. The ex-
tremes of the distribution function grow, but the width
(pmin, pmax) does not change appreciably.

But when pmax > p b we enter the q-classical regime,
and we have to consider Vlasov equation radiative ex-
tension for all range 0 < p < pmax. Considering p′ =
p+PLordt/c, then the set of particles with a given pmax,
move into the interval [p′max− h̄ωmax(pmax)/c, p′max], and
the set of particles with pmin move either into p′min if
pmin < p b or the interval [p′min − h̄ωmax(pmin)/c, p′min],
if pmin > pb, and then the distribution function starts
widening, because

pmax − min[pmax − h̄ωmax(pmax)/c,
pmin − h̄ωmax(pmin)/c, pmin ] (60)

> pmax − pmin

and therefore pmin → 0 along a trajectory, for growing t.
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Thus inside the q-classical region the distribution func-
tion takes a different form:

f±(r,p, t) =
{
6= 0, for p < pmax;
∼ 0, otherwise. (61)

showing that the value of p ∈ (0, pmax) has many more
cells, and eq. (54) shows that we may consider f(r,p, t)
to be divided into two ranges in momentum space, about
the point pm ∈ (0, pmax), defined by∫

dn

∫ ωcal

ωb

dωPpn

(
r,pm +

h̄ω

c
n, ω,n, t

)
×

×f
(

r,pm +
h̄ω

c
n, t

)
− λ′(r,pm, t)f(r,pm, t) = 0(62)

that is, the point in momentum space in which popu-
lation losses are exactly balanced by gains. Despite the
action of the Lorentz force, there is a momentum range in
which p < pm, where (δf/δt)SE > 0, and this shows that
the density of particles per unit time which have been
scattered into p from a higher momentum by photon ra-
diation overcomes the exponential decay, and therefore
when t → t + ∆t the number of particles grows in a
moving cell; and another one in which p > pm where
(δf/δt)SE < 0, and exponential decay dominates.

Despite the dominance of radiation losses for p >
pm, p ≤ pmax, pmax itself grows, because the parame-
ter which controls radiative decay λ′(r,p : p <∼ pmax, t),
starts by being

λ′(r,p : p = pb, t) = 0→ λ(r,p : p� plowb, t); p <∼ pmax

(63)
with growing pmax.

Consider a very simple argument in which the the num-
ber of particles in (r1,p1) is given by the value of the
distribution function element of the form f(r1,p1 : p1

<∼
pmax, t) = 10n. After a time τ = ∆t this number of
particles is reduced:

f(r′1,p
′
1 : p′1 <∼ p

′
max, t+ τ) = 10n exp[−λ′(r,pmax, t)τ ].

(64)
The e-folding time for this decay can be expressed in
the form τ = 2.3n/λ′(r,pmax, t), which we can iden-
tify as the characteristic time for the collapse of the
high energy tail of the distribution function. This
gives ample time for p <∼ pmax to grow along an or-
bit before the distribution function collapses because
when pmax < p b, λ′(r,pmax, t) = 0, and τ = ∞;
but when pmax > p b, λ′(r,pmax, t) > 0 the value of
τ → 2.3n/λ(r,pmax, t), a very small value, because
λ′(r,pmax, t) → λ(r,pmax, t), as a consequence of the
widening of the interval (ωb, ωmax) with growing pmax.

Let us consider the evolution of a set of particles at
position r, with momentum p at time t. Then the change
of energy of this set of particles is

dE = e(E · v)dt− h̄ω (65)

where ω ∈ (0, ωmax) and dt are random variables. Than
averaging in time and frequency, we get

〈dE〉 = PLor〈dt〉 − h̄〈ω〉 (66)

As PRad = h̄λ(r,p, t)〈ω〉 and assuming 〈dt〉 ≈
[λ(r,p, t)]−1, we get

〈dE〉
〈dt〉

= PLor − PRad (67)

which we immediately recognise as similar to the 4-term
of the L-DEM, with PRad = h̄λ(r,p, t)〈ω〉. But now such
expression has a complete different meaning. When we
have a set of particles in phase space at position (r,p)
they move to a set of cells

{r + dr,p′ : p′ ∈ [p+ (PLordt− h̄ωmax)/c,
p+ (PLordt− h̄〈ω〉)/c,
p+ PLordt/c]} (68)

provided 〈ω〉 > ωb and therefore there are particles above
and below the radiative average. Even if PLor/PRad ∼ 1,
with λ′(r,p, t) ∼ λ(r,p, t) the value of pmax keeps grow-
ing, although due to radiative decay slower then when
λ′(r,pmax, t)� λ(r,pmax), t), as the new

p′max ∈ (p+ (PLordt− h̄〈ω〉)/c, p+ PLordt/c). (69)

This is in good agreement the calculations performed in
Paper II when compared with da Costa [29]. They show
that the dynamical evolution of the plasma ensures that
PLor/PRad

<∼ 1, with Υ � 1, meaning that the radia-
tive time scale never matches the Lorentz time scale for
the q-classical regime. When this ratio is reached, pmax

can still continue to grow very slowly implying a growing
Υ, when the plasma flow turns slowly from a q-classical
(Υ� 1) to a quasi-quantum regime (Υ >∼ 1) and we may
foresee a recycling process.

In fact when the slow growth of pmax is initiated, Υ
grows with pmax, and overtakes Υ ≈ 1. Then the plasma
particles start radiating photons almost as energetic as
the particles themselves, their very high energy radiative
spectrum widens, and for Υ(p <∼ pmax) � 1 their num-
bers are as large as a growing λ(r,pmax, t), with pmax.
Then the number of radiated photons per unit time with
h̄ω < 0.01mc2 is very small compared with the overall
number of radiated photons. This combined with the
higher λ(r,pmax, t) allows a stronger radiative decay, as
there are fewer and fewer particles moving from very high
values of p moving into closer values of momentum, the
consequent collapse of the high-energy plasma, and the
appearance of a plasma stream with comparatively little
kinetic energy. But at this situation pmax remains stable
because although the radiative decay acts to diminish the
distribution function tail, the transition from the former
q-classical regime and the new q-quantum regime keeps
going, and the external fields act to boost the smaller
values of momenta p < pmax.
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Intrinsically, the production of photons is a discrete
process, and we must account for this underlying phe-
nomenon in our description of the evolution of the parti-
cle distribution functions. The noise on the photon count
Nν at each frequency ν is proportional to N−1/2

ν . There-
fore the counts of the highest energy photons have the
greatest uncertainty by virtue of their relatively small
number. Since the only source of these photons (by
model assumption) is the plasma particles, then radiation
processes must produce greater noise on the high-energy
tail of the distribution function than elsewhere. This ef-
fect is most evident when PLor/PRad

>∼ 1 for p ∼ pmax,
and therefore we might expect the formation of very
strong random perturbations in the distribution function
f(r,p, t).

Such disturbances will give rise to charged particle
number perturbations (at least) in the rest frame; this ac-
tivity will in turn generate electrostatic oscillations, and
produce electromagnetic waves at frequencies that are
multiples of the local plasma frequency as a direct result
of mode coupling (da Costa, Diver & Stewart [21]; Stark
et al. [35]). Adding these fields to the underlying elec-
tromagnetic field, the value of Υ in the laboratory frame
can grow very steeply and suddenly, to Υ� 1, producing
the effects described in the previous paragraph. In this
way the collective plasma behaviour feeds back into the
radiation process.

The radiation of high energy photons with energies
much greater than the ones for PLor/PRad ∼ 1 is pos-
sible, but given that the ultra-high energy particles that
are the source of such photons must be the tiny minor-
ity confined to the high-energy tail of the distribution
function around pmax, then these photons are necessar-
ily much fewer in number than the bulk of the radiation.
There is however the possibility that these ultra high-
energy photons produce pairs (either by interacting with
the ambient magnetic field, or by photon-photon interac-
tion) and therefore these ultra-high energy photons will
survive only in very small numbers compared with their
less energetic counterparts.

Finally, note that when pmax ≥ pb, then the distri-
bution function has a double character: the high-energy
component is either q-classical or q-quantum, radiating
strongly, but as a result, there is a spread of lower mo-
menta which should be considered to be classical in na-
ture. Populating the lower momentum states as a di-
rect result of radiation processes will in general lead to
a double-peaked distribution function; such a form can-
not be considered to be an equilibrium, and indeed the
presence of a ‘saddle point’ in momentum space must
lead to plasma instabilities (such as the onset of plasma
oscillations).

This means that a relativistic plasma, even if starts
being in dynamic equilibrium with the environment, af-
ter reaching a certain value of γ and starting to radiate
strongly, becomes quite unstable, never coming again to
terms with the environment in which it is immersed.

C. The evolution of magnetospheric plasmas

The picture so far developed may be applied to pulsar
magnetospheres, excluding the region in the immediate
vicinity of the star (the atmosphere).

In pulsar magnetospheres the source of plasma is the
surface of the star, which is rotating. It is usual to use a
mathematical rotating frame of reference, with azimuthal
coordinate ψ ≡ φ− ωt, to give the quasi-static condition
in which ψ can be used instead of t. As before we assume
that the plasma is collisionless, since collisional effects are
largely irrelevant for the dynamics of the magnetosphere.

For the low-energy plasma, with no radiative effects,
the Vlasov description is acceptable, when adapted for
the mathematical rotating frame of reference. Parti-
cle trajectories are more correctly described as pseudo-
trajectories in the rotating frame of reference, and they
form a 6-manifold hypersurface in phase space, as be-
fore. These pseudo-trajectories in the rotating frame are
patterns which rotate with the star in the laboratory
frame, and are very close to the magnetic field lines. In
the absence of an electric field component parallel to the
magnetic field, this would be a pure magnetic slingshot;
however, this picture is perturbed by the presence of an
E‖ = (E ·B)/B component.

As seen in Section I the pulsar EM field is a combina-
tion of two fields: (1) the star’s quasi-static fixed dipo-
lar EM field, described by the Deutsch Model and (2)
the time-dependent, non-quasi-static fields generated by
the creation of charge and current density distributions
by the flow itself and other EM plasma self-fields gener-
ated by radiative processes (when outside the SLC, this
is known as the Schott field as described in [23, 36]), in-
fluenced by the effort to minimize the value of the global
E ·B/B 6= 0 (Le Chatelier Principle [37].

With these provisos that are particular to the pulsar
environment, we may now carry over all the physics from
the previous sections and apply it to the pulsar mag-
netosphere. We assume the electron-positron magneto-
spheric plasma leaves the quantum region around the star
with very low energy (typically γ < 10) because, inside
this region the EM fields are so strong that particles lose
energy from radiation of high energy gamma-ray pho-
tons (as energetic as the particles which radiated them).
These high energy photons produce pairs, augmenting
the plasma density. This low-energy plasma will find it-
self far from radiative conditions, and is accelerated by
the low frequency EM field, following closely the mag-
netic field lines. Thus the accelerated pair plasma at
some critical distance out from the pulsar may depart
significantly from motion parallel to the local magnetic
field in the rotating frame (in the vicinity of the SLC, but
the geometry is complex), and by virtue of the energy it
attained, enters the q-classical regime.

In this regime, when the energy acquired between the
radiation of two successive photons is of the same order of
magnitude as the energy of the radiated photons, a near-
balance is established, with γ continues growing now very
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slowly. This is now the regime in which plasma recycling
is dominant, and the upper value of radiated photons is
well above the 10-50 GeV range, where PLor/PRad ∼ 1.
Such strong radiation quenching of momenta provokes
the collapse of the high-energy plasma. This means that
the particles are accelerated until a certain value of en-
ergy, and through radiation the particle loses almost all
its energy, and that f(r,p, t) = 0 for p > pmax. The
particles return to the classical domain, and because it is
co-spatial with higher energy plasma, an instability must
develop.

This reasoning is supported by the particle pseudo-
trajectory approach and the calculation performed before
in Paper II, which show that it is very unlikely that the
energy of the particles will reach very high energies. The
Lorentz force in the plasma will have an upper limit γ ∼
109 and therefore photons with energies above 50 GeV
will be scarce, and even depleted by pair production, and
no energetic photons with h̄ω > 50 TeV will be emitted.

D. The vacuum polarization problem and
Curve-Cerenkov radiation

The radiation processes described above are not the
only such processes that may be present in the plasma.
The vacuum in the presence of a magnetic field polarizes
and therefore its refractive index is [31], assuming the
angle between the trajectory an the magnetic field lines
θ = π/2

n‖ = 1 + κ1δ (70)
n⊥ = 1 + κ2δ (71)

with

δ = 0.5× 10−4(B/BCl)2 (72)
BCl = 4.46× 109T (73)

0 < κ1,2 < 1, (74)

Assuming for simplicity that κ1,2 = 1, then v = c/n ∼
c(1− δ) where n is the isotropic refractive index. Hence
if γ � 1, then it is possible that we have curve-Cerenkov
Radiation in vacuum (v > c/n) provided γ > γc, where

γc = (2δ)−
1/2 = 102(BCl/B) (75)

For conditions close to the surface of the star, B ∼ 108 T,
and therefore γc ∼ 4×103. But close to the SLC, B ∼ 102

T, and therefore γc ∼ 4 × 109, if we do not consider the
influence of the generated EM fields, due to plasma dy-
namics. Therefore it is possible that if the value of γ goes
above the threshold value γc then there are additional ra-
diation losses, and it is necessary to correct the values of
radiation parameters in the treatment of the earlier sec-
tions. However even before γ reaches the critical value,
the transition to the onset of curve-Cerenkov radiation
changes the local radiation properties.

Such corrections can only be done provided we con-
struct a proper theory of curvature and curve-Cerenkov
radiation in anisotropic media - a theory which currently
does not exist.

III. CONCLUSIONS AND FURTHER WORK

The aim of this paper is to understand the presence
of a cut-off in the radiation of high energetic γ-ray pho-
tons, through a self-consistent treatment of high-energy
radiation processes in the pulsar environment. In so do-
ing, we have shown where the classical model is defi-
cient in two respects: (1) the lack of self-consistency even
at the 25 GeV energy; and (2) the inability to produce
TeV photons in the pulsar context. These deficiencies
are corrected in this treatment, abandoning the classical
idea that the cut-off has to be at a frequency such that
PRad ∼ PLor, just in the classical context, as in [6, 7],
but at a point where h̄ωc → γmc2 which forces us to
consider a q-quantum magnetospheric description. This,
we believe, will be a valuable progressive refinement for
observers using the latest technology, where the level of
technical precision is significantly in advance of the pre-
dictive power of the legacy modelling.

The radiation properties described in this paper lead
us to conclude that there are two distinct (spatial) re-
gions in the pulsar environment in which ultra-strong
radiation processes occur: (1) close to the pulsar sur-
face, where the EM field strengths are so high that parti-
cles ejected from the surface radiate photons which very
quickly produce electron-positron pairs; and (2) close to
the SLC where the secondary plasma created by photon
absorption in region (1) has acquired sufficient energy to
undergo ultra-strong radiation once more. It might be
helpful to consider the first strong radiation location as
the boundary of the pulsar atmosphere, and the second
to mark the outer edge of the pulsar magnetosphere.

In fact close to the SLC the high-energy plasma reaches
a balance with a dynamical radiation process, and the
photon energy is kept in the range 10-50 GeV. This region
is much larger than the region where higher energy pho-
tons are radiated, and the depletion of photons through
pair-production ensures a very low level above that range,
which as discussed, it can never go beyond 50 TeV.

To construct a full pulsar γ-ray spectrum it is required
to full model the pulsar along the lines developed in this
paper, and therefore to understand the plasma flow in the
magnetosphere. The associated kinetic equation for ra-
diative plasmas developed in this paper (absolutely nec-
essary for such study) is a generalization of Vlasov the-
ory, in which the radiative term is added as a ’collisional’
contribution to the otherwise zero right-hand side of the
kinetic equation. In fact, for relatively low radiation en-
ergies, this radiation term is set precisely to zero.

The treatment in this paper is not comprehensive:
there are additional physical aspects that may well merit
further attention, for example, quantum considerations
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such as: (a) the random effects of radiation due to spin
of particles; and (b) the perturbations of motion due to
radiation of photons in the direction perpendicular to
the plane of trajectory; these effects might turn classical
trajectories into quantum ones, forcing the redesign of
the kinetic theory. In addition, a fuller theory of curva-
ture and curve-Cerenkov radiation in anisotropic media
is clearly needed, in order to arrive at a more complete
and satisfactory radiation description. A more complete
treatment of the instabilities in the distribution function
would provide greater detail about the possible relax-
ation processes that must be present on short timescales
in the non-linear kinetic theory (such as the production
of Bernstein modes and streaming instabilities) requiring
a kinetic treatment along the lines of da Costa, Diver &
Stewart [21].
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Appendix A: Notation

A guide to the notation used in this article is included
in Table I for the convenience of the reader.

Appendix B: Curvature Radiation versus Synchrotron Radiation

There is a similarity between synchrotron and curvature radiation, as they have the same power law, when expressed
in terms of the radius of curvature of their associated trajectories [28, 41], periodic (circular) in the case od synchrotron
radiation and non-periodic in the case of curvature radiation. In this way synchrotron radiation is periodic curvature
radiation.

From the theory of synchrotron radiation we know that the observed pulse comes from a limited section of the
trajectory, repeating itself with period T , and the same must be true for curvature radiation [28], without repetition.
Let us suppose that the non-periodic trajectory is given by r(t), and than

r(t) =
∫

r(τ)δ(t− τ)dτ, (B1)

with a corresponding power spectrum P (ω), which is a function of the radius of curvature. But if the trajectory is
periodic than the trajectory is given by

rp(t) =
∫

r(τ)∆(t− τ)dτ (B2)

where

∆(t) =
∑
n

δ(t− nT ). (B3)

whose Fourier transform

F [∆(t)] = ∆(ω) =
∑
n

δ(ω − nω0), (B4)
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being ω0 = 2π/T , and the corresponding power spectrum generated by the periodic trajectory P (ω)∆(ω). This is a
discrete spectrum but with an underlying power law similar to the non-periodic one.

The similarity in power law, expressed in terms of radius of curvature, between synchrotron and curvature radiation
is broken when we take into account the different radii of curvature: in the case of synchrotron radiation is given by
expression (10), and for curvature radiation by (9). Expression (10) is indeed a special case of (9), when E = 0.

Expression (9) may be found as follows. The radius of curvature of the trajectory r(t) is [38]

1
ρ

=
|ṙ × r̈|
ṙ3

(B5)

and as

ṙ =
cp√

m2c2 + p2
(B6)

than taking into account that for γ � 1, p ∼ mcγ � mc,

1
ρ

=
|p× ṗ|
cp2

(B7)

and using Lorentz equation ṗ = e(E + v ×B),

1
ρ

= e
|p× (E + v ×B)|

cp2
(B8)

and (9) is immediately found. When E = 0, taking into account that v ∼ c, equation (10) is also immediately found.

Appendix C: The relativistic kinetic Theory of relativistic plasmas

We intend to establish the kinetic equation to describe the evolution of a collisionless plasma. Since this radiative
phenomenon is a compound Markov process, a Cauchy process, we shall follow the Gardiner treatment [42].These
collisionless plasmas are immersed in an EM field such that radiative effects have to be considered only when γ � 1,
which means that there is a boundary classical ⇐⇒ q-classical regimes defined by relations (25) and Υ� 1. We are
aiming for an extension of the Vlasov equation, no microstability collisional analysis is considered, and therefore the
Fokker-Planck terms will be omitted.

1. Basic Principles

Cauchy processes are discontinuous Markov processes and therefore they obey the Chapman-Kolmogorov equation

p(x1, t1|x3, t3) =
∫
dx2 p(x1, t1|x2, t2) p(x2, t2|x3, t3) (C1)

which means that the probability of a process reaching (x1, t1) after departing from (x3, t3) depends on all intermediate
positions (x2, t2). Nevertheless Cauchy processes do not obey the Lindeberg equation

lim
∆t→0

1
∆t

∫
|x−z|>ε

dx p(x, t+ ∆t|z, t) = 0 (C2)

due to the discrete nature of the trajectory considered in a Cauchy process, as the probability that the final position
x to be finitely different from z either goes to zero much slower than ∆t or may be even finite [42]. In the Lindeberg
Equation ε never vanishes, although it goes to zero, such that we never lose the basis for the Markov condition. ∆t
and ε are interrelated, and when one is infinitesimal, the other follows.

As the Lindeberg equation is not satisfied, we may put

p(x, t+ ∆t|z, t) = p∆t(x|z) (C3)
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and in this case following the Chapman-Kolmogorov equation

p(x1, t1|x3, t1 −∆t) =
∫
dz p(x1, t1|z, t1 −∆t) p(z, t1 −∆t|x3, t1 −∆t) (C4)

then

p(x1, t1|x3, t1) = lim
∆t→0

∫
dz p∆t(x|z) p(z, t1 −∆t|x3, t1 −∆t) (C5)

=
∫
dz p∆t(x|z) p(z, t1|x3, t1) (C6)

and therefore we might identify

lim
∆t→0

p(x, t+ ∆t|z, t) = δ(x− z) (C7)

where δ(x− z) is the Dirac delta function. Following similar considerations:

1. lim
∆t→0

p(x, t+ δt|z, t)/∆t = W (x|z, t) for |x− z| > z

2. lim
∆t→0

1
∆t

∫
|x−z|<z

dx(xi − zi)p(x, t+ δt|z, t) = Ai(z, t) +O(ε)

3. lim
∆t→0

1
∆t

∫
|x−z|<z

dx(xi − zi)(xj − zj)p(x, t+ δt|z, t) = Bij(z, t) +O(ε)

All other coefficients Cij...l = O(ε) and therefore lim∆t→0Cij...l = 0
Using these considerations we try to establish a differential equation, as a counterpart of the Chapman-Kolmogorov

equation, taking into account all kinds of Markov processes present. We shall arrive at the differential Gardiner
Equation

∂p(x, t)
∂t

= −∇ · [A(x, t)p(x, t)] +
1
2
∇∇ : [B(x, t)p(x, t)] +Krad(x, t) (C8)

where we have changed p(x, t|xin, tin) into p(x, t), assuming (xin, tin) the starting configuration [43], with

Krad(x, t) =
∫
dx [W (x|x1, t)p(x1, t)−W (x1|x, t)p(x, t)] (C9)

2. The kinetic equation

The term Krad(x, t) gives notice of transitions x1 → x and x → x1. However in plasmas we may put x = (r,p)
and the Cauchy process occurs at fixed r from p1 → p and p→ p1. Therefore putting y = (q, s)

W (x|y, t) = δ(r − q)W (r,p|s, t) (C10)

In an associated kinetic description we change p(x, t) into f(r,p, t), A(x, t) = (v, ṗ). Therefore making these changes
the differential Gardiner equation will assume the more standard form

Df

Dt
≡ ∂f

∂t
+ v · ∇f + F · ∇pf =

(
δf

δt

)
spont
emiss

(C11)

In this case (
δf

δt

)
spont
emiss

=
∫
dp1 [W (r,p|p1, t)f(r,p1, t)−W (r,p1|p, t)f(r,p, t)] (C12)

In the above integral everything happens in fixed position in configuration space (r, t). The first term gives the density
of particles per unit time which access p. At the same time the second term gives the density of particles per unit
time which are available to leave p.
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W (r,pα|pβ , t) is the probability per unit time that a particle will jump from pβ → pα at a given position r and
time t [42]. W (r,pα|pβ , t) = 0 for pβ → pα not allowed transitions. Then

W (r,pα|pβ , t) =

 Ppn(r,pβ , ω,n, t)
{
∂[p = (h̄ω/c)n]

∂(ω,n)

}−1

, for allowed pβ → pα, pβ > pα;

0, otherwise.
(C13)

with pβ = pα + (h̄ω/c)n.
So far all these expressions apply provided there is a pmax, pmax > pqcl such that

f(r,p, t) =
{
6= 0, p < pmax;
∼ 0, otherwise. (C14)

because in the classical domain

f(r,p, t) =
{
6= 0, pmin < p < pmax;
∼ 0, otherwise. (C15)

The density of particles which will be available for radiation at p per unit time is

N (r,p, t) =
∫

dp1W (r,p1|p, t)f(r,p, t)

= λ(r,p, t) f(r,p, t) (C16)

Then (δf/δt) spont
emiss

6= 0, when pmax is in the q-classical domain, and f(r,p, t) 6= 0. Using all the available information
and calling

Nc(r,p, t) =
∫
|p1|>mc

dp1W (r,p|p1, t) f(r,p1, t) (C17)

=
∫ ωmax

0

dn dωPpn

(
r,p +

h̄ω

c
n, ω,n, t

)
f

(
r,p +

h̄ω

c
n, t

)
(C18)

where cp + h̄ωmaxn = cpmax, we may write(
δf

δt

)
spont
emiss

=
∫ ωmax

0

dn dωPpm

(
r,p +

h̄ω

c
n, ω,n, t

)
f

(
r,p +

h̄ω

c
n, t

)
− λ(r,p, t)f(r,p, t) (C19)

n is centered around p + (h̄ω/c)n, and the aperture angle of the radiating cone is such that

θ ≈ sin θ =
|[p + (h̄ω/c)n]× n|
|p + (h̄ω/c)n|

∼ 1
γ
� 1 (C20)

However despite this the angle between p and p + (h̄ω/c)n may not be so small, when h̄ω <∼ γ, and therefore after
the radiation the direction of motion night change an angle

ϑ = sin−1

(
|p× n|
p

)
(C21)

This might create several plasma flows at the same point.

3. The evolutionary process: the solutions

Let us consider then a plasma leaving a volume through its boundary into a region with a very global strong EM
field and in this case this plasma will be far from radiative conditions. Then the equation is the Vlasov equation

Df

Dt
= 0 (C22)
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and the plasma may be considered a cold plasma. However there is a formal equivalence of the Vlasov equation to
the equations describing individual particle orbits as seen in Boyd & Sanderson [17]. These deterministic trajectories
form in phase space a 6-manifold hypervolume, which is a network, since

r1(As, r,p, τ) = rin1(As) +
∫ τ

tin1

dη
cp1[As, r1(As, r,p, η),p1(As, r,p, η), η]√
m2c2 + p2

1[As, r1(r,p, η),p1(As, r,p, η), η]

p1(As, r,p, τ) = pin1
(As) +

∫ τ

tin1

dηF [r1(As, r,p, η),p1(As, r,p, η), η]
(C23)

and

r1(As, r,p, t) = r

p1(As, r,p, t) = p
(C24)

and the distribution function is given by

fs(r,p, t) =
∫
dAsg(As)J [rs, r1(As, r,p, t))] δ[r − r1(As, r,p, t)] δ[p− p1(As, r,p, t)] (C25)

Therefore the integro-differential equation

Df

Dt
= Nc(r,p, t)− λ(r,p, t)f(r,p, t) (C26)

may be turned into the Volterra integral equation [44]

f(r,p, t) =
∫
dAsg(As)J [rs, r1(As, r,p, t))] δ[r − r1(As, r,p, t)] δ[p− p1(As, r,p, t)]

exp
{
−
∫ t

tin1

dχλ[r1(As, r,p, χ),p1(As, r,p, χ), χ]
}

+ (C27)∫ t

tin2

dη J [r2(r,p, η), r]Nc[r2(r,p, η),p2(r,p, η), η] exp
{
−
∫ t

η

dχλ[r2(r,p, χ),p2(r,p, χ), χ]
}

with

r2(r,p, τ) = rin2 +
∫ τ

tin2

dη
cp2[r2(r,p, η),p2(r,p, η), η]√

m2c2 + p2
2[r2(r,p, η),p2(r,p, η), η]

p2(r,p, τ) =
∫ τ

tin2

dηF [r2(r,p, η),p2(r,p, η), η]
(C28)

and

r2(r,p, t) = r

p2(r,p, t) = p
(C29)

and this shows clearly that the formal equivalence of the Vlasov equation to particle orbit theory can be generalized
to the extension of the Vlasov equation to radiative plasmas.

However it is necessary to be careful, since the two sets of trajectories are quite different, although they coincide
for the same (r,p). The second set forms a network and is larger than the first set.
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